Abstract. Let K be a hyperbolic knot, and let K 0 be a satellite of K of (homological) degree p; where p is an integer. We show that the crossing number of K 0 is at least area(E) length( m])(2 ?2 length( m])) p 2 , where area(E) is the area of the critical horo-torus of the hyperbolic structure on the knot complement and length( m]) is the length of the meridian in the horo-torus. Our estimate is an improvement over an earlier result of M. Freedman and the author in many cases.
Introduction
The crossing number of a knot or link K , denoted by cr(K), is de ned to be the minimal number of crossings in a plane diagram representing the knot or link (see e.g., 8 , page 8]). For example, the crossing number of the trefoil is 3, and the gure-eight knot 4. Using Jones polynomial, L. Kau man 7] has shown that if a knot or link can be represented by a reduced alternating diagram, then its crossing number is actually equal to the number of crossings in the diagram. This has also been extended to semi-alternating links, Montesinos links, and other special cases (see 9, 14] ). However, a greatly many elementary questions regarding the crossing number remain unanswered. For example, it is believed, but not proved, that the crossing number of a satellite is at least equal to that of its companion (see e.g., 8]).
Let K be a non-trivial knot which is represented by a smooth, simple loop in R 3 . Let T be a compact tubular neighborhood of . That is, T is the image of a smooth embedding I : S 1 D 2 ! R 3 such that = I(S 1 f0g); where D 2 denotes the closed unit disk in R 2 . The degree of an (oriented) loop This research is partially supported by an NSF grant.
Typeset by A M S-T E X in T will mean the homological degree. (This is well-de ned up to a sign since H 1 (T ; Z) = Z .) Let p be an integer. A knot will be called a degree p satellite of K if it can be represented by a simple loop of degree p in T .
It is conjectured that the crossing number of a degree p satellite K 0 of K is at least p 2 times the crossing number of K . In 4], we have shown that cr(K 0 ) is bigger than or equal to p 2 ? 2 genus(K) ? 1 . The proof made an application of works of D. Gabai 5] on foliations of 3-manifolds and of W. Thurston on norms of homology classes 16] (see also 13).
Denote S 3 = R 3 f1g, M(K) = S 3 ?T , and M(K) = M(K) @T . Then the inclusion @T M(K) induces an inclusion 1 (@T ) 1 (M(K)). Suppose that K is hyperbolic; that is, there exists a complete hyperbolic metric on M(K) 1 . The group 1 (M(K)) is clearly isomorphic to 1 (M(K)), and hence acts on the universal cover of M(K) as a group of hyperbolic isometries. For simplicity of notations, we will just identify the two: 1 
(the identi cation is unique up to inner isomorphisms). Let B(K) be the largest open horoball in the universal cover of M(K) such that B(K)= 1 (@T ) embedds into M(K). Let @B(K) be the bounday of B(K) in the hyperbolic space, and let E(K) = @B(K)= 1 (@T ). The space E(K), with the induced metric, is a euclidean torus. Moreover, 1 (E(K)) can be naturally identi ed with 1 (@T ).
The euclidean torus E(K) is called the critical horo-torus of the hyperbolic manifold M(K).
Let m and l be a meridian and longitude respectively on @M(K) = @T .
Thus, m bounds a disk in T , and l bounds a Seifert surface in M(K). For simplicity, we will denote by m] and l] the corresponding homology classes in H 1 (E(K); Z) = 1 (E(K)) = 1 (@T ) = Z 2 . For any pair of integers k, j , let length(k m] + j l]) denote the length of a geodesic loop in E(K) representing the homology class k m] + j l].
Our main theorem can be stated as follows. 1. We will see that in some cases, the estimate in the present paper is better.
The paper will be organized as follows. In section 2, we will recall and discuss the asymptotical crossing number. The proof of our main estimate will occupy section 3. Then, in section 4, we will give an application. Finally in section 5, we will tabulate some computational data for some Montesinos knots, using the program SnapPea, developped by J. Weeks at the Geometry Center, Minnesotta.
The author is indebted to Professor Michael Freedman for initiating the project, and sharing many of his ideas, including those contained in our joint paper 4].
Asymptotical Crossing Number
We will next recall the de nition of asymptotical crossing number. The notion was introduced in 4] for estimating the energy of divergence-free vector elds in uids (or gases) which are subject to incompressible deformations (see also 11, 2, 3] for more background). As in 4], we will give an estimate for the asymptotical crossing number, which implies Theorem 1.1 as an immediate corollary.
Let L = (L 1 ; L 2 ) be a two-component link. The inter-crossing number of L, denoted by cr-i(L), is de ned to be the minimum number of crossings of the rst component over the second in a plane diagram representing the link.
Here is a more abstract way to de ne this. Let pr 12 : R 3 ! R 2 and pr 3 : R 3 ! R be de ned by: pr 12 ((x 1 ; x 2 ; x 3 )) = (x 1 ; x 2 ) and pr 3 ((x 1 ; x 2 ; x 3 )) = x 3 . Let P; Q : S 1 ! R 3 be a pair of disjoint simple loops. The inter-crossing number of the pair (P; Q) relative to the projection pr 12 , denoted by cr-i(P; Q), is de ned to be the cardinality of the set (s; t) 2 S 1 S 1 ; pr 12 (P (s)) = pr 12 (Q(t)); pr 3 
is then the minimum inter-crossing number relative to pr 12 Clearly, ac(K) cr(K). In 4], it is proved that ac(K) 2 genus(K) ? 1.
The conjecture is that ac(K) actually equals cr(K). The method in present paper will prove the following theorem. along the (non-separating) curve, and obtain a new surfaceS , such that there exists a mapF : (S; @S) ! (M; @M) which equals F outside a small neighborhood of the curve. Letñ,r andp be integers such that the hypothesis of the lemma is satis ed if S , F , n, r and p are replaced byS ,F ,ñ,r andp.
Clearly,ñ +r = n + r ? 1,ñ n,r r, and importantly,p = p. Thus, by the minimality of n + r, we deduce that (3.1) holds forñ;r;p: outside of the glued disk. There exist integers n i ; r i ; p i such that S i ; F i satisfy the hypothesis of the lemma when n; r; p are replaced by n i ; r i ; p i respectively; and moreover, n 1 + r 1 + n 2 + r 2 = n + r, n 1 + n 2 = n, and p 1 + p 2 = p. As n i + r i < n + r, by minimality of n + r, (3.1) holds for n i ; r i ; p i ; i.e., Since K is a nontrivial knot and p 6 = 0, n + r is at least 3. The interior S of S admits hyperbolic structures. By small perturbation, we may assume that F is transversal to @M. Thus F restricts to a map from S into the hyperbolic manifold M. Let T be an ideal triangulation of S (in some hyperbolic metric) such that each ideal edge joins di erent ends. Then using properties of F , we may deform the map such that its restriction to S maps any ideal edge in T to a geodesic curve in M, and any ideal triangle to a (singular) ideal triangle in M.
There is a (unique) metric of curvature = ?1 on S such that F is length preserving from S to F( S). Moreover, it is elementary to show that the metric is complete (because M is complete and F( S) is a closed subset). By Euler characteristic considerations, the area of S is this metric is 2 (n + r ? 2). In the following, we willl let S be endowed with this metric. By an elementary surgery technique, it is possible to change S , F , such that each boundary component of S is mapped by F to a nontrivial curve in @M, and that no component of S is an annulus. We will also drop those components T of S , with the property that F maps each component of @T into a loop which is homotopically trivial in T .
Let S u , u = 1; 2; : : : ; U , be the connected components of S ; where U 1. For each u, let n u be the number of components of @S u of the form @D i ; r u + n u the total number of components of @S u ; and p u the integer such that the homology class of F S u ; @S u ] in H 2 (M(K); @M(K); Z) equals p u times the generator. We have n = But if p u = 0, then there must be zero, or at least two components of @S u which are mapped by F to loops which are not homotopically trivial in T . Zero is ruled out by our assumption, thus r u 2, and (3.7) still holds. Sum (3.7) over the u's, we obtain: Proof. In the proof of Theorem 2.1, let p = q = 1, and let be a loop representing K such that the projected image pr 12 in R 2 has exactly cr(K) crossings (i.e., double points). Let P = , and Q a parallel copy of P (nearby in space), so that cr-i(P; Q) = cr(K). Let n be as in the proof, we then have n cr-i(P; Q) = cr(K). Thus, as p = 1, (3.10) follows directly by (3.9).
4. An Application
We will relate our main estimate to some results and conjectures in 4] 3 .
Let K be a knot. Consider a solid torus T of knot type K made by 1 gram of copper. How much power is it needed to maintain a steady revolutionary ellectric ow of ux (or current) equal to one Amp ere? The power needed (measured in watts) will be denoted by R(T ); and we will say that the electrical resistance of T is R(T ) ohms. Here it is helpful to recall the high school Physics formula: power is equal to resistance times current squared. Assume that the solid torus has exible shape, but xed knot type 4 . If the knot type is trivial, it is possible to deform T (while keeping its volume and knot type xed) in such a way that R(T ) becomes arbitrarily small (see 4]).
This phenomenon is prevented if K is a nontrivial knot. In fact, by 4, (0.1), (2.40), (3.4)], we have,
where is the electrical resitance between a pair of opposite faces in a (solid) cube made by 1 gram of copper.
It was conjectured 4] that the resistance of T becomes arbitrarily large if its knot type gets more and more complicated; that is, if T n is a sequence of solid tori (each one is made by 1 gram of copper) such that the crossing numbers of their knot types diverges to 1, then R(T n ) ! 1. In case when the knot types K n of T n are all hyperbolic, we have by (4.1) and (1. We hope that the above inequality, combined with other results, can be helpful in solving the conjecture.
Finally, we note that similar results hold for hyperbolic links.
Numerical Data
Using SnapPea, we have obtained some concrete data for some randomly chosen Montesinos knots, and for which the estimate of our main theorem is better than the earlier estimate ac(K) 2 genus(K) ? 1 
